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ABSTRACT
In the presented paper, a model describing the range equation, the energy received, the
number of returned photons, and photoelectrons as well as the Time-Of-Flight, has been
analytically studied. The data concerning the Satellite Laser Ranging (SLR) observed from the
Changchun Observatory are considered to evaluate some of the parameters such as the energy
received to ground telescope Erecv, the number of returned photons Np and photoelectrons
Npe. The SLR-data are taking into our consideration with the summarised results for the
observations taken from the first quarter of 2018. The model is applied on a variety of satellites
with different heights and configurations. The results have shown and confirmed the depen-
dency of these parameters on the properties of the laser and detector systems and the used
setup.
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1. Introduction

The ground-based laser ranging is considered to be
one of most accurate mechanisms available for track-
ing satellites (Pearlman et al. 2002). The range describ-
ing the distance between the satellite and the tracking
station is measured to be half of the measured time
multiplied by the speed of light. This technique is used
for the satellites with retro-reflectors on their surfaces.
These retro-reflectors are assumed to be Lambertian
reflectors with a fixed size and a particular reflectivity
(Lukesh et al. 2000, 2000). The Changchun-SLR sta-
tion is one of the international laser ranging systems,
so as the Helwan-SLR station (Zhao et al. 2002, Liu
2002, Liu et al. 2004; Ibrahim 2011; Liang et al. 2019).
Previously, the laser system and parameters used for
ranging and tracking satellites have been studied using
Helwan – SLR data (Ibrahim et al. 2011; Matlas et al.
2010; Ibrahim 2011; Ibrahim et al. 2015). In
Changchun observatory, the daytime tracking is car-
ried out by updating the original system to adapt the
new technology for day-light KHz (Han et al. 2013;
Liang et al. 2019). In the range equation, the factor
represents the optical cross-section as well as the opti-
cal parameters of the reflectors are considered. This
equation is useful for the characterisation of the
returned signals (Ibrahim and Uozumi 2018).

In the present work, the formulised model repre-
sents the parameters corresponding to the range equa-
tion, energy photons, returned photon,
photoelectrons, etc, are carried out. The equations
explained the factors of the range measurement and
that of impacting on the received signals quantities are

given. The photons returned from the satellite array
retroreflectors to the ground telescope are performed
to check the essentials of the devices and laser system.
The modelling equations are applied on the satellites
Starlette, Ajisai, Lageos-1, and Etalon-1 and using the
observational satellite ranging data taken from the
Changchun-SLR station. These satellites are consid-
ered as examples of spherical satellites’ shape with
different altitudes and sizes. The obtained results are
discussed.

2. Changchun SLR-Station

The Changchun SLR-station uses a computer-
controlled azimuth and elevation mount for telescope
pointing (Liu 2002;, Zhao et al. 2002; Liu et al. 2004).
The transmitter is taken to be 20 cm refractor tele-
scope, which the receiver diameter is 60 cm. The type
of the detector is a Compensated Single Photon
Avalanche Diode (C-SPAD) with quantum efficiency
of 20% at 532 nm wavelength. It works in Geiger mode
to detect the single-photon echoes (Zhao et al. 2008).
The (C-SPAD) system has been made by the Czech
Technical University with single-photon sensitivity
and 30psec timing precision. The laser generator is
an Nd-YAG solid-state Q-switched laser manufac-
tured by photonic industries. The output average
energy is 1mJ with pulse width 25 Ps, with the repeti-
tion rate 1 kHz at 532 nm of wavelength. The beam
divergence is 0.4 mrad, at laser chamber, and directed
through cloud paths and compressed to 22 μrad via
the transmitting telescope. For environment
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parameters, MET3 meteorological measurement sys-
tem manufactured by Paroscientific Inc. is used. It
measures atmospheric pressure with a precision up
to 0.08 mbar, and temperature to 0.1 degrees Celsius,
and measuring relative humidity with1% precision.

2.1. Calibration method used in Changchun
SLR-station

The Changchun SLR-station is calibrated with
a periscope type device placed in the dome. The device
has two diagonal reflectors to make a U-shape optical
path to connect transmitter and receiver telescopes.
When calibration is started, the telescope is turned to
preset coordinate, and an iris is placed in the laser beam
to weaken beam energy. The laser beam propagates
through the periscope, enters receiving aperture and trig-
gers echo signal. The calibration constant is computed to
be the average of nearly 5000 returns (echoes). Figure 1(a)
shows the histogram of the calibration which carried out
on 10 July 2018. The mean value of the calibration is
209,725.8 ps, while Root Mean Square (RMS) is 90.2 ps.
In the plotted Figure 1(b), the solid line specifies the
mean, while dotted line specifies the ± RMS.

2.2. Range correction due to the atmospheric
effects at the Changchun-SLR Station

The range correction resulted from the atmospheric
effect is calculated using the Marini-Murray model
(Marini and Murray 1973). This requires taking the
local atmospheric measurements at the ranging location.

The Changchun station observations are taken at eleva-
tion 10° degrees. The Marini-Murray model is carried
out to compute the correction in the range of the satellite.
The model is applied at the same meteorological condi-
tion during the observation of the satellite Starlette which
is observed on January 1st, 2018, and the results are
shown in Figure 2. The factor RH is the relative humidity,
λ is the wavelength, T is the temperature and P0 is the
atmospheric pressure. The symbol φ is the latitude of the
station and HH is the station height above the mean sea
level. All of these parameters aremeasured at the location
of the station. The results have shown the correction of
the range is about 2.413 m at the elevation angle 90°
degrees. This value is reached to 6.997 m at 20° degrees.
As for the Helwan-SLR station, it increases to about
13.432 m at the elevation angle of 10° which is the
minimum elevation angle at the Changchun-SLR station.

3. Analytical model

3.1. The range equation

In the laser for the satellite ranging, the equation
describing the range equation is used to estimate the
returned photons. Some of the parameters such as the
power and energy of the laser system, the diameters of
the receivers, as well as the effects of the atmosphere
are taken into consideration in the range equation.
This equation is used to predict the laser system per-
formance (Lukesh et al. 2000, 2001). Accordingly, the
formula of the received energy Erecv can be written in
the simple form as:

Figure 1. Sample of calibration. Measurement time series is shown as in (a), mean of measurement is specified with a solid line,
and root mean square of the session is depicted with two dashed parallel lines around the mean. The histogram of the
measurement is shown in (b).
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Erecv ¼ Pout � Pin � σ

¼ D2
TET

λ2R2
τtransτatm � AT

R2 τrecvτatm � σ
(1)

With
σ ¼ ρAcc

4π
Ω

� �� NCC
2

¼ ρAcc
4πAcc

λ2

� �
� NCC

2

where Pout and Pin are the extrinsic path from the
transmitter to the satellite and the internal path from
the satellite target to the grounded receiver, respectively,
andσis the optical cross-section (Degnan 1985; Lipinski
et al. 1994). DT , diameter of the transmitter, ET

, the
energy of the transmitted pulse, R is the range to the
satellite, τtrans is the losses term, and τatm is the atmo-
spheric transmission to satellite. The term AT is the
collecting area of the receiver, τrecv is the losses from
the effects of the optical transmission and detector. ρ, is
the target reflectivity, Acc is the light-collecting area of
the corner cube object. The on axis retroreflector gain is
4π
Ω in which Ω is the effective solid angle occupied by
the far-field diffraction pattern of the retroreflector. For
several retro-reflectors, NCC is the optical cross-section
of the satellite, which can be computed by summing the
contributions of the total number of retroreflectors
(Lipinski Ronald et al. 1994). The satellites are chosen
to have the spherical shape, to keep away from the large
pulse dispersion which can be caused by plane array
panels when it is sighted at non-normal incidence. For
circular access hole, the far-field diffraction pattern is
the Airy pattern (Born and Wolf 1975, and Ibrahim
et al. 1997). The characteristics of the spherical satellites
with different altitude and heights, and considered in
this study are given in Table 1. For longer slant ranges,

more retroreflectors are required to achieve reasonable
signal-to-noise ratios.

3.2. Returned photons

The returned photons NP as collected at the surface of
receiver can be formularised through the relation in
equation (3) as (Degnan 1985; Lipinski Ronald et al.
1994);

NP � 4π I τlp Ncc Tv cos θð Þ r2cc r2t λ
h c θ2LRA R

2
(3)

where I is the laser beam intensity on the target, τlp is
the laser pulse length, Ncc is the number of the retro-
reflector corner cubes on the satellite that facing the
beam, Tv is the fraction of beam energy transmitted
through the atmosphere vertically, θ is the beaming
angle off vertical which can be defined as the angle
between the elevation value and zenith, rcc is the radius
of retroreflector corner cubes, rt is the radius of the
receiving telescope, λ is the wavelength, h is Planck’s
constant, c is the speed of light, and θLRA is the full
angle divergence from the corner cubes.

3.3. Photoelectrons

According to the Radar link equation, the number of
photoelectronsNpecan be evaluated. This is given by
the following formula (Degnan 1985);

Npe ¼ ηqET
λ

hc
ηTGTσ

1
4πR2

� �2

ATηRT
2
AT

2
C (4)

Figure 2. Range correction as computed for the parameters obtained on 1 January 2018 at the Changchun-SLR station.

Table 1. Characteristics for some spherical satellites.

Sat. Name
Cosper
ID

Hight
[km]

σ
[m2]

Diameter of
satellite [m] No. of retroreflectors Sat. shape

Starlette 7501001 950 0.65 0.24 60 sphere
Ajisai 8606101 1400 12 2.15 1436 sphere
Lageos-1 7603901 6000 7 0.60 426 sphere
Etalon-1 8900103 19,000 60 1.294 2146 sphere
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where ηq is the quantum efficiency of the photomulti-
plier, ηR and ηT are the received and transmitted path
efficiency. The values of TA and TC are the transmis-
sion properties of the atmosphere and the circus
cloud. The other parameters are defined and given
above. The symbol GT is the transmitter gain which
defined from the Gaussian beam as in the relation
(Degnan 1985);

Gt θð Þ ¼ 8

θ2
exp �2

θP
θt

� �� 	
(5)

whereθt , is the far-field divergence half-angle with the
1/e2 intensity point. θP is the beam pointing error. To
determine the gain of the transmitter, the value of θP is
often replaced by θt. So, the transmitter gain can
become 8=θ2t .

3.4. Signal to noise ratio

The total noise is mainly depending on the change in
repetition rate because of detector dark noise and laser
back scatter noise. The detector dark counts can be
often reduced by cooling the detector. The detector
types have higher quantum efficienciesηq (40% to
55%) at the 532 nm SLR wavelength; will allow higher
noise to be entered into the detector during the day
time (Degnan 2008). For laser back scatter noise, when
satellite ranging, there are repeated periods of overlaps
between returning photons, and just fired laser shots.
The backscatter of these shots from the first few km
travelling through the troposphere – would cause sig-
nificant noise on the single photon-diode, reducing
the detection probability for the return photon. This
type of degradation of return signal is called laser
backscatter noise. This situation can be avoided
through the implemented of the system within an
FPGA (Field Programmable Gate Array) device, but
would achieve only resolutions of 100 ns (10 MHz); to
improve the resolution, a programmable, analogue

delay generator covers an additional resolution of
0–100 ns, thus increasing the resolution to <0.5 ns
(Iqbal et al. 2008). On the other hand, the increasing
of the energy will increase the laser backscatter noise
and increasing the repetition rate will decrease the
energy per pulse concludes that at higher repetition
rate backscatter will occur more frequently but due it
will be less intense (Iqbal 2011, and Hampf et al. 2019).
Signal to noise ratio of almost all the satellites follow
the behaviour of the curve shown in Figure 3.

Tracking the low altitude satellites with higher
repetition rate has obvious advantages due to higher
achieved signal-to-noise ratio. In case of high altitude
satellites, very low values for the signal-to-noise ratio
would be obtained. This is due to the signal is dropped
by a factor of the power four. For low altitude satel-
lites, and from the signal-to-noise ratio depicted as
Figure 3, there are significant increases in signal due
increase of repetition rate, i.e. 10–100 K pulses per se-
cond as compared to 2 K pulses, but the increase in
signal-to-noise ratio is not so linearly (2296.08 at
10 kHz as compared 1189.43 at 2 kHz) because of
the increase in the repetition rate decreases the pulse
energy. Moreover, signal-to-noise ratio is decreased
because of the increase in the dark noise with higher
repetition rate and laser backscatter starts to contri-
bute a significant amount of noise at the value 10 kHz
and higher.

3.5. Probability of the detected photoelectrons

To carry out the mean number of photoelectrons, the
probability Pdof a particular outgoing pulse yielding
detected returned photoelectrons Npeis considered.
This factor is proportional to the values ofNpe through
the relation (Degnan 2017);

Pd ðNpeÞ ¼ 1� expð�NpeÞ (6)

Figure 3. Percentage return under noise (Iqbal 2011).
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Accordingly, this value is tended towards one at high
mean photoelectrons per pulse.

3.6. Time-of – flight

In satellite laser ranging, the measurement of the time
required for a laser pulse to be radiated towards satel-
lites and space objects in the sight and returning back
to a detector is expressed as the time-of-flight (TOF).
The TOF is usually derived from the Consolidated
Prediction Format (CPF) predictions available from
the ILRS website (ILRS: Consolidated prediction for-
mat, 2018). This format accurately predicts positions
and ranges for variety of laser-ranging targets. The
TOF is based on the photon counting to perform the
measurements, and may be used to enhance the accu-
racy of the tracked satellites (Lussana et al. 2015;
Hampf et al. 2019). The TOF can be estimated using
the range of the target and the speed of light. This is
given as the following formula (Hampf et al. 2019);

TOF ¼ 2 R
C

(7)

The modelled equations are applied on the satellites
motioned in Table 1. The laser system parameters and
the used conditions taken from the Changchun-SLR
station are summarised in Table 2. In this study, for
simplicity, the weather and cloudy conditions are esti-
mated to be good visibility conditions, and in this case,
the transmission properties of the circus cloud Tc is
considered to be equal one (Marini and Murray 1973).

4. Results and Discussion

The computational results are applied for some sphe-
rical satellites with different configurations and ranges
such as those of the satellites Starlette, Ajisai, Lageos-1
and Etalon-1 as given in Table 1. The obtained rela-
tions and results of the applied model are discussed in
detail as follows;

(a) The satellite Starlette

Figure 4(a) clarifies the relation between the range and
the energy reached at the surface of the grounded receiver
telescope as computed for the satellite Starlette. The data
are plotted at different times of laser shots. It is clear from
the figure that the satellite rang is decreasing with the
increase of the returned energy. This is agreeing well with
equation (1) as a result ofR4effect (Makram Ibrahim et al.
2011). The small values of the returned energy are depen-
dent on the dimension of the surface of the ground
telescope. Figure 4(b) is plotted to obtain the relationship
between the numbers of the received photonsNp and the
returned photoelectrons Npe. The values of these two
parameters are produced using the (C-SPAD) which
has a quantum efficiency of 20%. This figure shows that
Np andNpe have the same behaviour as both are increas-
ing with the increasing of the elevation angle and vice
versa. It is also clear that the number of photons is usually
higher than the number of photoelectrons.

(b) The satellite Ajisai

Figure 5(a,b) is plotted for the data results obtained for
the satellite Ajisai. Figure 5(a) clarifies the relations
between the satellite ranges versus the energy received
to the telescope. The data are plotted at different times of
observation. The number of returned photons and
photoelectrons is shown in Figure 5(b). The figures
show the same behaviour obtained in the case of the
satellite Starllette.

The figures clarify that the values of the energy
received from the satellite Ajisai are higher than that
obtained from the satellite Starlette, which is consid-
ered as the lower one. The reason is referred to what is
the so-called satellite signature (Appleby 1992, and
Hanna et al. 2012). Also, the type of retroreflectors,
their numbers as well as their orbital trajectory is
varied significantly from satellite to another. This
leads to different optical responses in which Ajisai
has the most favourable one (Villoresi et al. 2008).
Ajisai is an example of high signature satellites and
Starlette is an example for low signature satellites. It is
known that as the array of corner cubes reflectors
increases on the satellites, the possibility to obtain
a large amount of range data increases also.

(c) The satellite Lageos-1

Figure 6(a,b) clarifies the data resulted for the satellite
Lageos-1, in which the relations are plotted at different
times of laser shots. The graphs confirm the same
behaviour obtained in the above two satellites and
discussed before in Figures 4, 5.

(d) The satellite Etalon-1

The satellite Etalon-1 is a passive geodetic satellite dedi-
cated to satellite laser ranging. It contains only instru-
mentation of retro-reflector array that consists of two

Table 2. The estimated properties of the system and laser
parameters of the Changchun-SLR station.
Parameters Value

Wavelength, λ 0.532 μm
Energy of laser pulse, Etran 1 mJ
Photo energy at working wave length, EPh ~ 3.74 x 10^-19 J
Pulse width 25 Psec
Repetition rate 1 KHz
(At Tx aperture) transmission beam divergence θt 22 μrad
Transmitted aperture dimension (diameter), DT 200 mm
Receiver diameter, DR 60 cm
Transmission efficiency, KT 0.8
Transmission efficiency of corner cubes, KLRA ~ 0.9
Receiving efficiency, KR 0.5
Atmospheric transmission efficiency, T ~ 0.7
Target reflectivity, ρ 0.9
Beaming angle off vertical, θ 45°
Full angle divergence from the corner cubes, θLRA 0.1 mrad
Effective diameter of the retroreflector array, DLRA ~ 3 cm
Detector quantum efficiency, ηq 20%
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different types of corner cubes. The orbit of this satellite
is circle with period 11 h and 16 min. Figure 7(a,b)
clarify the same relations plotted in the other satellites
considered in this study. The figures show almost the
same trend obtained above.

It is noticed here that, for the same energy of laser
pulses, the received energy values are dependent on
the satellite properties representing the number of
retro-reflectors and satellite range as well. In addition,
the obtained values of the parameters, representing the
number of returned photons and photoelectrons of

this satellite, are smaller in comparable with that
obtained for the other satellites. This is due to the
satellite Etalon has the highest range.

Comparing with the results obtained from studying
of these parameters using the Helwan-SLR observa-
tion, it must notify here that the Np and Npe values
obtained from the Changchun – SLR are smaller than
that obtained from Helwan station. This is due to the
less value of the energy for the used laser pulses. In
addition, the satellite Etalon-1 cannot be observed
from Helwan-SLR station because of the laser system

Figure 6. The satellite Lageos, (a): the range R versus received energy E recv and (b): Np versus Npe.

Figure 4. The satellite Starlette, (a): the range R versus received energy E recv and (b): Np versus Npe.

Figure 5. The satellite Ajisai, (a): the range R versus received energy E recv and (b): Np versus Npe.

326 M. IBRAHIM ET AL.



at Helwan is not enough to reach the satellites of
higher altitudes and range.

On the other hand, the probability concerning the
average of the detected photoelectrons is carried out
for the four satellites considered in the analysis. For
this purpose, Figure 8 clarifies the probability factor
Pd ðNpeÞas a function of the detected photo-
electronsNpe. It is noticed from the figure that, for all
satellites except the satellite Etalon-1, the values of
Pd are approximately closed to be equal one. This is
shown in Figure 8(a-c) for the satellites Starlette,
Ajisai, and Lageos respectively. This result confirms
the high values of the detected photoelectrons with
a very small difference in the obtained Pd data for the
considered three satellites. On contrary, for the satel-
lite Etalon-1 shown as Figure 8(d), the different

behaviour is observed. The values of Pd are increased
until reaching the maximum value, and is found to be
less than one. This result confirms the lower values for
the detected photoelectrons of this satellite.

The time-of-flight TOF is estimated and evaluated
using the range of the satellites. This factor indicates
the accuracy of the predictions for the tracked targets.
The TOF data are plotted for the four satellites and
shown in Figures (9a-d) respectively. The figures show
the same behaviours for all the four satellites, in which
the “TOF” value is increasing with the range.

For the satellite Etalon-1 of the higher consid-
ered range, and seen in Figure 9(d), the TOF values
are observed to be the highest one. The maximum
values of the “TOF” for all satellites are given in
Table 3.

Figure 7. The satellite Etalon-1, (a): the range R versus received energy E recv and (b): Np versus Npe.

Figure 8. Probability values of the detected photoelectrons for the satellites.
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5. Conclusion

In this research, the ground-based laser for ranging
satellites from Changchun-SLR station has been ana-
lytically studied. The Marini-Murray model is used
for computing the atmospheric effect on the range at
different elevation angles. It shows that the correction
in the range is nearly 2.143 m at the elevation angle
90°, and increased to be about 13.432 m at the mini-
mum elevation angle of 10°. The analytical model
representing the range equation has been studied
using the parameters of laser systems and the atmo-
spheric conditions of the used satellites. The formulas
are applied on some spherical satellites with different
heights. These satellites are Starlette, Ajisai, Lageos-1,
and Etalon-1, which have been observed from the
Changchun-SLR station during the first quarter of
2018. The results show that the factors describing
the transmission and receiver setup as well as the
laser parameters, are more efficient for determining
the number of returned photons and the number of
photoelectrons as well. It is evidence that the data
plotted for the number of returned photons Np and
the photoelectrons Npe have the same behaviour at

different times of laser shots, with Np is usually
higher than Npe. Due to the highest range of satellite
Etalon-1, the values of the obtained data of this
satellite are smaller in comparable with that obtained
for the other satellites and resulted in the lower
numbers of Np and Npe. On the other hand, the
probability concerning the average of the detected
photoelectrons is evaluated, and the results show
the less values of the satellite Etalon-1, because it is
the highest altitude satellite from the used samples.
The time of flight “TOF” is also computed for the
considered satellites and the values obtained for the
satellite Etalon-1s the greatest one.

We would like to reveal that in the previous work we
used the data from the Helwan SLR station. The laser
system inHelwan cannot reach to the high orbit satellites
such as Etalon-1 (20 thousand km). In addition to that we
concluded that the two main parameters required for the
laser to reach the high altitude satellites (such as Etalon-1)
are the diameter of the receiver of the telescope to be large
enough and the divergence angle of the laser to be narrow
in the order of μrad. In this work, we confirm our pre-
vious conclusion by using the small divergence angle (22
μrad) and also the great size for the diameter of the
telescope (60 cm) as used in the Changchun SLR station.

Article highlights

(1) SLR-data are taken from the Changchun station with
the summarized results for the first quarter of the 2018.

Figure 9. TOF data versus the satellite range.

Table 3. Maximum TOF values.

Satellite Maximum range (R max) x 10
6 (m)

Time-of-flight TOF
(ms)

Starlette 1.86564 12.44
Ajisai 2.81276 18.75
Lageos 8.02499 53.5
Etalon-1 20.33148 135.54
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(2) An analytical model describing the received energy, the
number of returned photons, the number of photoelec-
trons as well as the Time –Of-Flight “TOF” is studied.

(3) The model is applied to a variety of satellites with
different heights and configurations.

(4) The obtained results are discussed.
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