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Abstract The objective of this paper was to investigate the orbital velocity changes due to the

effect of ground based laser force. The resulting perturbations of semi-major axis, miss distance

and collision probability of two approaching objects are studied. The analytical model is applied

for low Earth orbit debris of different eccentricities and area to mass ratio and the numerical test

shows that laser of medium power �5 kW can perform a small change DV of an average magnitude

of 0.2 cm/s which can be accumulated over time to be about 3 cm/day. Moreover, it is confirmed

that applying laser DV results in decreasing collision probability and increasing miss distance in

order to avoid collision.
ª 2015 Production and hosting by Elsevier B.V. on behalf of National Research Institute of Astronomy

and Geophysics.
1. Introduction

During the recent years, functional satellites are threatened by
enormous number of space debris which increases dramatically

as the use of space expands. Radar and optical surveillance
systems, as well as direct impact measurements, show that
there are a huge number of debris in low Earth orbits of about

1–10 cm size. In frame of orbital debris removal, several broad
research efforts have been performed. The majority of these
researches were based on vaporization or ablation of these
small objects using different ground based laser systems in
order to permit debris re-entry. However, building and operat-

ing of such systems are the most cost effective way to mitigate
the debris problem (Phipps et al., 2012; Campbell et al., 2000;
Choi and Pappa, 2012).

In comparison of those schemes that aimed to de-orbiting

debris using laser powers, laser collision avoidance maneuver
requires much less force and less sophisticated laser systems.
The application of small change DV results in lowering or ris-

ing of semi-major axis and orbital period allowing rapid along-
track displacement to grow over time. This causes the two
approaching objects to miss each other in time even if the orbi-

tal elements remain essential unchanged Stupl et al. (2010).
Many authors studied the feasibility of using a medium

power laser of about 5–10 kW to avoid fraction of collisions
in low Earth orbit (Stupl et al., 2010; Mason et al., 2011).

http://crossmark.crossref.org/dialog/?doi=10.1016/j.nrjag.2015.02.001&domain=pdf
http://dx.doi.org/10.1016/j.nrjag.2015.02.001
http://www.sciencedirect.com/science/journal/20909977
http://dx.doi.org/10.1016/j.nrjag.2015.02.001
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The main issue of this paper is to represent a dynamical
study of using ground based laser as debris collision avoidance
tool. This work is organized as follows: Section 2 represents

the analytical modeling of the problem which includes the for-
mulation of light force and orbital velocity changes using a
geocentric equatorial coordinate system in addition to miss

distance and collision probability. Section 3 represents the
numerical applications and the general conclusion.

2. Laser collision avoidance

2.1. Laser beam propagation

For standard atmospheric conditions, only linear mechanism
of laser atmospheric interactions is considered. Atmospheric

turbulences are countered by using the adaptive optics and
technical capabilities of the laser system. Based on the previous
postulates, the laser intensity delivered to the debris surface is
determined using an analytical model in which laser intensity is

proportional to the laser power and inversely to debris altitude
and laser divergence. This laser intensity is given by El-Saftawy
et al. (2007) and Khalifa (2009):

SðqÞ ¼ P

ph2q2
debris

Exp

� rmol
scatð0Þh
sinð/Þ

� �
1� Exp � q sinð/Þ

h

� �� �
þ raer

scatðqÞ
� �

;

ð1Þ

where qdebris is the debris altitude, P is the laser power, h is the

beam divergence, / is the elevation angle, rmol
scatð0Þ is the mole-

cule scattering coefficient at sea level, raer
scat is the aerosols scat-

tering coefficient and h is the sea level altitude. q is considered
to be the first 50 km of the Earth’s atmosphere which is consid-
ered as the most effective on the beam propagation Danielson

et al. (2003).
Figure 1 Ground based laser beam fires toward debris.
2.2. Laser force

The total radiant force exerted on a flat non-perfectly reflecting
surface is given by Mc Innes Colin (1999):

�f ¼ SA

C
wm̂ ð2Þ
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where m̂ is a unit vector directed through the force direction, c
is the speed of light and S is the radiation intensity at debris

surface, g is the radiation incident angle on debris surface nor-
mal, b is debris surface specularity, q0 is debris surface reflectiv-
ity, Bf and Bb are the non-Lambertian coefficient of front and

back debris surfaces respectively, a
0
is debris absorption coeffi-

cient, and ef and eb are front and back debris surface emissivity,
respectively. w can take a value from 1 to 2, where w = 0
means that the object is translucent, w = 2 means that all
photons are reflected and for the object that absorbs all of

the incident radiation w = 1.
For non-perfectly reflecting surfaces, The force vector, m̂, is

not directed normal to the surface. But, it inclines by an angle

#, known as the cone angle, to the incident direction, q̂debris.
Then, force components in the incident direction will be:

�fqdebris ¼
SA

C
w cos#q̂debris: ð4Þ
2.3. Coordinate systems

The geocentric equatorial system is used with the unit vectors;

êx directed parallel to the Earth equatorial plane, êy directed in

the plane that contains the meridian of the sub-debris point

and êz directed normal to the equatorial plane. As shown in
Fig. 1, the incident radiation vector, �qdebris; is given by:

�qdebris ¼ �r� �rE; ð5Þ

where �r is debris position vector and �rE is the Earth radius vec-

tor (station coordinates). For an oblate Earth, the Earth radius
vector is given by Escobal (1965):

�rE ¼
G1 cosug cos s

G1 cosug sin s

G2 sinug

264
375; ð6Þ

with

G1 ¼
ae

ð1� ð2f0e � f02e Þ sin
2 ugÞ

1=2
þ h; G2

¼ aeð1� f0eÞ
2

ð1� ð2f0e � f02e Þ sin
2 ugÞ

1=2
þ h; ð7Þ

where ae is the Earth’s Equatorial radius, f
0
e is the Earth’s flat-

tening, ug is the geodetic latitude, h is the height above sea
level and s is the sidereal time.

The debris position vector, �r, in the geocentric coordinate
system, is given by Escobal (1965):

�r ¼ r

cosX cosðxþ tÞ � sinX sinðxþ tÞ cos i
sinX cosðxþ tÞ þ cosX sinðxþ tÞ cos i
sinðxþ tÞ sin i

0B@
1CA; ð8Þ



Dynamical study of low Earth orbit debris collision avoidance 27
with

r ¼ að1� e2Þ
1þ e cos t

;

where X is longitude of the ascending node, x is argument of
perigee, t is the true anomaly, i is the inclination, a is the

semi-major axis and e is the eccentricity. Using the geocentric
coordinate system, the incident radiation vector is:

�qdebris ¼ qxêx þ qyêy þ qzêz ð9Þ

with

qx¼ rðcosXcosðxþ tÞ� sinXsinðxþ tÞcos iÞ�G1 cosug cosh; ð10Þ
qy¼ rðsinXcosðxþ tÞþ cosXsinðxþ tÞcos iÞ�G1 cosug sinh; ð11Þ
qz ¼ rsinðxþ tÞsin i�G2 sinug: ð12Þ
2.4. Laser perturbations

For high laser repetition rate, many laser shots fire toward the

object over an interval of time. Consequently, the force can be
considered as continuous function which can produce an orbi-

tal velocity change, DV, over an interval of time.

DV
�� �� ¼ Z t1

to

j�fqðtÞj
M

dt ¼
Z t1

to

j�aðtÞjdt ð13Þ

The interval (t1 � to) is the exposure time where to and t1 are

the times of debris rising and setting. �aðtÞ is the acceleration
affecting on the debris motion due to laser force. At a given
time, the acceleration experienced by debris of mass M is:

�a ¼
�fq
M
: ð14Þ

The radial component of the disturbing acceleration, S is given

by:

S ¼ �a � r̂

¼ Sw
cq3

debris

A

M
cos# r� G1 cosu0ðcosðh0 � XÞ cosðxþ tÞ½

þ sinðh0 � XÞ sinðxþ tÞ cos iÞ þ G2 sinu0 sin i sinðxþ tÞ�;
ð15Þ

The tangential component of disturbing acceleration is given
by:

T ¼ �a � ð bH � r̂Þ

where bH is a unit vector in the direction of the angular
momentum vector. It can be expressed as Escobal (1965):bH ¼ sin i sinXêx � sin i cosXêy þ cos iêz; ð16Þ

T ¼ Sw
cq3

debris

A

M
cos# G1 cosu0ðcosðh0 � XÞ sinðxþ tÞ½

� sinðh0 � XÞ cosðxþ tÞ cos iÞ � G2 sinu0 sin i sinðxþ tÞ�;
ð17Þ

The perpendicular component of disturbing acceleration is
given by:

W¼ �a � bH;
W¼ Sw

cq3
debris

A

M
cos# G1 cosu

0 sinisinðh0 �XÞ�G2 sinu0cosi½ �: ð18Þ
2.5. Laser collision avoidance

The laser disturbing acceleration results in perturbing debris
semi-major axis a. For orbits of e–0 and i–0, these perturba-
tions can be evaluated using the general perturbation equa-

tions of Roy (1978):

_a ¼ 2

n
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2
p Tþ Se sin tþ Te cos t½ � ð19Þ

where n the orbital mean motion. This semi-major perturba-
tion will result in a rapid along-track displacement which

grows over time.
One fundamental aspect of this collision avoidance is the

modeling of the relative dynamics of the two objects, the com-
putation of the collision probability between two objects given

their relative b-plane position and covariance matrices of
along, normal and cross-track errors.

Consider two objects S1 and S2 experience a conjunction

event with an expected miss distance rm. Let us assume that
a collision would take place whenever the following condition
is verified Bombardelli et al. (2014) and Bombardelli (2014):

rm ¼ j�r1 � �r2j < SA ð20Þ

where �r1 and �r2 are the randomly distributed positions of S1

and S2. SA can be taken as the sum of the radii of the spherical
envelopes centered at S1 and S2, respectively. The probability

of collision between S1 and S2 can be written, in general terms,
as the triple integral of the probability distribution function
frmðrmÞ of the relative position of S1 with respect to S2 over

the volume swept by sphere of radius SA centered at S2:

P ¼
Z
Vol

frmðrmÞdrm ð21Þ

When the statistical distribution fr(r) is Gaussian it can be writ-
ten as:

frmðrmÞ ¼
exp � 1

2
ðrm � reÞTC�1r ðrm � reÞ

� 	
ð2pÞ3=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðCrÞ

p ð22Þ

where re is the distance of closest approach, Cr is the covari-

ance matrix of rm, which corresponds to the sum of the individ-
ual covariance matrices of �r1 and �r2, expressed in the same
orthonormal base, when the two quantities are statistically

independent. When the temporal extent of the conjunction is
small compared to the orbit period of the objects one can con-
sider the motion of the two objects of S1 and S2 as uniform rec-

tilinear with deterministically known velocities V1 and V2, and
compute the collision probability as a two-dimensional inte-
gral on the collision b-plane. To this end we define the S2-cen-

tered b-plane reference system hn; f; 1i with Chan (2008):

�un ¼
V1 � V2

jV1 � V2j
; �uf ¼

V1 � V2

jV1 � V2j
; �u1 ¼ �un � �uf ð23Þ

Under the rectilinear approximation the volume becomes a
cylinder along the f axis and Eq. (21) can now be written in
hn; f; 1i axes and integrated for �1 � f � þ1 to yield:

P ¼
Z
A

1

2prnr1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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where rm = hn; 0; 1i is the expected closest approach relative

position in b-plane axes, A is a circular domain of radius SA
and rn; r1; qn1 can be extracted from the relative position of

covariance matrix in b-plane:

Cn1 ¼
r2

n qn1rnr1

qn1rnr1 r2
1

 !
ð25Þ

The computation of Eq. (24) can be made equivalent to inte-
grating a properly scaled isotropic Gaussian distribution func-
tion over an elliptical cross-section. If that cross section is
approximated as a circular one of equal area, the final compu-

tation of the impact probability reduces to a Rician integral
that can be computed with the convergent series Chan (2008):

Pðu; zÞ ¼ e�z=2
X1
m¼0

zm

2mm!
1� e�u=2

Xm
k¼0

uk

2kk!

 !
ð26Þ

with

u ¼ S2
A

rnr1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

n1

q ð27Þ

z ¼ ne
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� �2

� 2qn1
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rn

1e
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ð28Þ

From the above equations it appears that the collision proba-
bility is constant when the impact point ðne; 1eÞ belongs to an

ellipse of semi-axes ratio
rn

r1
and rotated by an angle:

H ¼ 1

2
tan�1

2qn1rnr1

r2
n � r2

1

 !
ð29Þ

In addition, the collision probability decreases exponentially
for increasing z, i.e., as the size of the ellipse increase.

Suppose a direct collision ðne ¼ 0; 1e ¼ 0Þ is predicted when
the object S1 has orbital true anomaly tc, radial orbital dis-
tance rc and eccentricity e. Let the velocity of S2 at collision
related to the velocity of S1 by a positive rotation angle

�p < # < p around S1 orbital plane normal uh1 Bombardelli
et al. (2014):

# ¼ tan�1
ðV1 � V2Þ � uh1

V1 � V2

� �
ð30Þ

followed by an out of plane rotation �p
2
< W < p

2
in the direc-

tion approaching uh1:

W ¼ tan�1
ðv2 � �uhÞ v2 � �uhj j
�m2 � ðv2 � �uhÞ2

" #
ð31Þ

Assuming that a laser impulse DV with radial, transverse and
out of plane components as follows:

DVr ¼ jDVj cos c sinðrþ aÞ ð32Þ

DVt ¼ jDVj cos c cosðrþ aÞ ð33Þ

DVh ¼ jDVj sin c ð34Þ
Table 1 Debris two line element.

1 29054U 06005E 14002.16916607 .000

2 29054 98.2356 10.3600 0010
where a is the flight path angle of S1, r is the in-plane rotation

angle, c is the subsequent rotation angle in the out. After

applying maneuver impulse jDVj which performed at an angu-
lar distance Dm = tc � tm, a b-plane shift Drm ¼ ðDn;Df;D1Þ is
resulted:

Drm ¼ RKDjDVj ¼MjDVj ð35Þ

R ¼
0 0 �1

cos b � sinb 0

� sin b � cos b 0

0B@
1CA ð36Þ

K ¼

�V1
ffiffi
l
p

Rc
sin a sin tc 0

0 � cos a 1

0 cos a 1

0B@
1CA ð37Þ

D ¼

ffiffiffiffiffiffi
R3

c

l

s ctr ctt 0

crr crt 0

0 0 cwh

0B@
1CA ð38Þ

In the above equations b represents the angle between V1 and

V2, l is the Earth gravitational constant and a is the flight path
angle of S1. The terms ctr, ctt, crr, crt, cwh are nondimensional
functions of e, tc and tm provided in Bombardelli (2014) and

Bombardelli et al. (2014).

3. Numerical application

With the intention of maximize engagement opportunities to
illuminate debris in sun-synchronous orbits, the location is
chosen to be as close as possible to the poles. Moreover, high

altitude reduces the atmospheric beam losses and turbulence
effects. The ideal site would be the PLATeau Observatory
(PLATO) at Dome A in Antarctica, which is at 4 km altitude,
latitude of 81�S and longitude of 72�EMason et al. (2011). The

typical Sun-synchronous orbits have about 600-800 km alti-
tude, with periods in the range of 96–100 min, and inclinations
of around 98� Rosengren (1992). The laser force is calculated

under the following postulates:

1. The radiation fall normal to the debris surface (i.e., g ¼ 0)

as the debris crossing its perigee.
2. The debris surface is considered to be perfectly reflecting

surface. So, the laser force will be duplicated, where the sur-

face specularity b ¼ 1 and surface reflectivity q0 ¼ 1. While
the absorption coefficient a0 ¼ 0.

As a first step, the laser scheme is applied on debris of

known mass and area. A discarded lens cap from the
Japanese Akari IR space telescope was chosen as the demon-
stration object (U.S. Catalog ID: 29054) where its area to mass

ratio is �0.04 (kg/m2) Mason et al. (2011). On 02 January
2014, the object has the following two line elements (Table 1):

For the chosen location, the rising and setting times of the

debris are calculated using Satellite Tracking Software: Pass
01553 00000-0 34531-3 0 2417

523 50.2050 310.0074 14.58342766417977



Table 2 Average of orbital velocity change over different

intervals.

Time interval Average jDVj (cm/s)

Per second 0.2

After one revolution 0.4

After one day 2.6

Table 3 Encounter geometry.

a (Km) E b tc

7155.8 5� 10�4 40� 18�

Figure 2 Velocity change jDVj over the transit time for one

orbital revolution.

Figure 3a Orbital velocity change due to the laser force for

different eccentricity.

Figure 3b Orbital velocity change due to the laser force for

different area to mass ratio.
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Scheduler version 1.50 by Kelso (1999). For elevation of 10�,
the average transit time is about 7 min. One debris revolution

is nominally chosen for simulations in which the rising and set-
ting times are 11.8111 UT and 11.9217 UT respectively which

are corresponded to mean anomalies Mrise ¼ 45:094
�

and

Mset ¼ 45:5161
�
. Using Newton iteration, the eccentric anoma-

lies for rising and setting are Erise ¼ 45:1277
�

and

Eset ¼ 45:5499
�
. Consequently, the true anomalies for rising

and setting are mrise ¼ 65:6822
�
and mset ¼ 89:8755

�
which are

considered as the bounds of the integral given by Eq. (13).
The orbital velocity change due to laser force for one revolu-
tion is illustrated in the following graphs:

It is illustrated that the mean jDVj due to laser force is
about 0.2 cm/s which can be accumulated and grow over time
as illustrated in the following table:

For one revolution, the relation of orbital velocity change
with both eccentricity and area to mass ratio when the object
passes through perigee point are investigated in the following

figures:
Consider a hypothetical collision between two objects S1

and S2 with 1e ¼ 100m and ne ¼ 0 the encounter geometry is
summarized in Table 2 (see Table 3).

In addition we assume a 5 m spherical envelope for S1 and
4 m spherical envelope for S2. For both object, it is assumed
that a diagonal covariance matrix is:

Cn1 ¼
0:03 km2 0

0 0:6 km2

 !
Consider a fully tangential laser impulse (i.e., r ¼ c ¼ 0)

corresponds to 0.2 cm/s laser jDVj over one revolution and

grow with time. The b-plane shift Drm is illustrated in the fol-
lowing figures: (see Figs. 2–3b).

As shown in Fig. 4, the miss distance shift increases as the
angular distance increase with an average of about 30 km over

an angular distance of 2p (Fig. 4a) which can be grown over
time with an average of 58 km over an angular distance 6p
(Fig. 4b). The collision probability change is illustrated in

the following figure:
As shown in Fig. 5, the collision probability decreases as

the angular distance increase with an average of about

2:9� 10�4 over an angular distance of 2p (Fig 5a) which can

be reduced over time with an average of 2:75� 10�4 over an
angular distance of 6p (Fig. 5b).



Figure 4a Miss distance shift over an angular distance for one

revolution.

Figure 4b Miss distance shift grow over time.

Figure 5a Collision probability over an angular distance for one

revolution.

Figure 5b Collision probability over time.
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4. Conclusion

A simple analytical formulation of using ground based laser

force for collision avoidance of LEO objects has been pre-
sented. It has been verified that medium power laser of about

5 kW resulted in an orbital velocity change jDVj with an aver-

age of 0.2 cm/s which depends directly on the orbital eccentric-

ity in addition to area to mass ratio. Over time, jDVj is growing
to be about 3 cm/day which consequently results in perturbing
the semi-major axis, increasing the miss distance and decreas-
ing the collision probability of the approaching objects. So, it

can be concluded that ground based laser can be used for deb-
ris collision avoidance.
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