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Abstract The present paper concerns fitting the range residuals of the Satellite Laser Ranging

(SLR) data using the overlap technique. The range residuals are characterized by its randomly dis-

tributed data points. The method used for fitting is represented. The results are compared with

those obtained when fitting the whole data using Chebyshev polynomial and Least Squares

Method. The later is already applied in Helwan SLR station. We have found that the overlap tech-

nique allows us to use low degree polynomials in order to fit large number of data points and, at the

same time, provides better standard deviations, which may be significant, when one wants to reach

best fitting. Therefore, the results obtained have approved the choice of the overlap technique in

dealing with the SLR range residuals, in comparable with fitting the whole data using either Che-

byshev polynomial or the Least Squares Method.
� 2015 Production and hosting by Elsevier B.V. on behalf of National Research Institute of Astronomy

and Geophysics.
1. Introduction

The task of the present work is to deal with the problem of

data fitting. Needless to say that the process of data smoothing
is considered the first step for any analysis or further scientific
study. There are two main approaches for data fitting: the

exact fit and the best fit. The exact fit is used if the data are
very accurate, such as material properties or calibration
results. It is appropriate only if a small number of data points
are available. The best fit is used when the accuracy of the data

is not very high such as the experimental results. It is used for
fitting large number of data points (Jaluria, 2007). Polynomial
interpolation is the most direct method used for data fitting. It

is characterized by its simplicity (Nielsen, 1964; Samwel et al.,
2005). However, fitting data with high degree polynomial may
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suffer from noticeable error which up rises due to the nature of
the approximation. This disadvantage becomes particularly
apparent when dealing with large number of data points which

is the case of the SLR range residuals. Although a larger poly-
nomial degree should produce a more accurate solution, in
practice, approximations with higher order polynomials are

more sensitive to roundoff errors. This sensitivity to roundoff
errors can destroy the accuracy of a solution for large degree
polynomials (Gottlieb and Jung, 2009; Lindfield and Penny,

2012). Angeles (2014), stated that an increase in the number
of data points is met by a high degree polynomial. Finding
the coefficients of the interpolating polynomial requires solv-
ing a system of linear equations which is corrupted with a rel-

ative roundoff error that is roughly equal to the relative
roundoff data error multiplied by an amplification factor that
is known as the condition number of the system matrix. As we

increase the polynomial degree, the associated condition num-
ber rapidly increases. So, in order to cope with this problem,
the overlap technique can be used as an alternative to

higher-degree polynomial.
The present work concerns fitting the SLR range residuals

i.e. the Observed–Computed (O–C) residuals. The SLR range

residuals express the difference between the observed and com-
puted satellite ranges, which is often expressed as the O–C
range residuals (Ibrahim et al., 2004). It is characterized by
its random distribution with the very small variation between

the maximum and minimum values (Samwel et al., 2004).
The SLR range residuals are used as parameter for Precise
Orbit Determination (POD) of satellites (Botai, 2013).

In the subsequent sections, the SLR range residuals are fit-
ted using both Chebyshev polynomial for fitting the whole
data, and the overlap technique. The later technique, the over-

lap technique, is based on dividing the whole data points into
subintervals of equal times, where the end time of the first
subinterval is the start time of the second subinterval. The

Chebyshev polynomial is also used for fitting the data of the
subintervals. Section two represents briefly the Chebyshev
polynomial, and the overlap technique. In section three, we
use the Chebyshev polynomial for fitting the SLR range resid-

uals of satellites AJISAI, TOPEX, and BEACON-C in two dif-
ferent methods. The first method is by applying the Chebyshev
polynomial for fitting the whole data points. The second

method is by applying the Chebyshev polynomial for fitting
the data of each subinterval of the SLR range residuals using
the overlap technique. Section four represents a comparison

of the results obtained from the two methods of fitting, with
those obtained using the Least Squares Method which is
already used in Helwan-SLR station. Finally, the main results
obtained are summarized as a conclusion in section five.

2. Data fitting techniques

2.1. Approximation with Chebyshev polynomials

One of the interpolating polynomials is the Chebyshev polyno-

mial, which has been investigated by Chebyshev in the 19th

century. Its importance appears in its rapid convergence,
which has a great deal both in the reduction of computational

time and in the estimation of the accurate upper bound error
(cf. Fox and Parker, 1968).
Chebyshev polynomial is a polynomial of degree n in cosh.
Its values are limited in the closed interval [�1,1] with leading
coefficient one. It takes the form

fðxÞ ¼ cos h; cos h ¼ x; �1 6 x 6 1 ð1Þ
2.2. Overlap technique and its characteristics

The overlap technique is based on dividing the whole data

points into subintervals of equal times where the end time of
the first subinterval is the start time of the second subinterval.
The Chebyshev polynomial is used for fitting the data of the

subintervals.
Let at the interval yi, there are ni measurements xij;

(i = 1, 2, . . ., m; j= 1, 2, . . ., ni) of the independent variable

x which represents the differences between the observed and
the computed SLR data. Then, for arithmetic mean of the uni-
ted interval yi and yi+1 we have the following:

�xi ¼ �x yi; yiþ1

� � ¼ 1

ai

Xni
j¼1

xij þ
Xniþ1

j¼1

xiþ1;j

 !
ð2Þ

and for the unbiased estimator we have

bS2
i ¼ D�x yi; yiþ1

� � ¼ 1

ai � 1

Xni
j¼1

xij � �xi

� �2 þXniþ1

j¼1

xiþ1;j � �xi

� �2" #
ð3Þ

where D is a symbol used for unbiased estimator of the disper-

sion, ai = ni + ni+1 and for i= m, we take i+ 1= 1.
The first and second summations on the right hand

side of Eq. (3) are the variations within united intervals

as they involve the squares of the deviations of xij and
xi+1,j from the intermediate normal point �xi given by
Eq. (2)

In order to fit the data of the subintervals using Chebyshev

polynomial, let yi, i= 1, 2, . . ., n represent observational mea-
surements taken at times ti, i = 1, 2, . . .n.

Suppose that these data are divided into subintervals of

equal times. Two consecutive groups, yij, i = 1, 2 and
j= 0, 1, . . ., ni are selected. The closed time intervals ½ti0; tin�
are mapped into the closed intervals ½�1; 1�i, using the follow-

ing transformation (cf. Henrici, 1963)

xij ¼ 2tij � ti0 � tin
tin � ti0

j ¼ 0; 1; 2; . . . n ð4Þ

Now two independent Chebyshev polynomials, as repre-

sented in (Eq. (1)) are constructed for yij as functions of vari-
able x as defined by (Eq. (4)) are given in the following form

piðxÞ ¼
Xmi

k¼0

~aikfikðxÞ ð5Þ

where fik(x) are the Chebyshev polynomials (cf. Fox and
Parker, 1968).

In order to join the two constructed interpolating polyno-
mials for the two successive intervals, the coefficients a2k,
(k = 0, 1, . . ., m2) have to be determined. Analysis of the vari-

ations within and between the overlapping intervals is found
and discussed by Hanna (2002), Samwel et al. (2005) and
Hanna et al. (2012).



Table 1 Part of the data of satellite Ajisai.

Time of observations Range residuals (ls)

HH MM Sec.

21 32 59.20029 0.05

21 32 59.60029 0.051

21 33 2.400294 0.052

21 33 12.00029 0.056

21 33 16.80029 0.059

21 33 22.80029 0.066

21 33 23.80029 0.062

21 33 25.0003 0.062

21 33 30.20029 0.064

21 33 31.4003 0.065

21 33 32.40029 0.066
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3. Analysis of the SLR range residuals

The procedure of fitting data is achieved by carrying out a

program that is constructed in order to reach the required
Figure 1 The range residuals with the best fitting achieved using Ch

BEACON-C.
accuracy at which we call a fit is good. This program is
written in FORTRAN language. The program starts with
a polynomial of 1st degree (L = 1) and computes the coef-

ficients of the Chebyshev polynomial and then is followed
by the generated polynomial. Hence, the deviation of the
data fitting and its standard deviation are calculated. Then

testing in sequence the difference between the current val-
ues of standard deviation assigned to the recurrent polyno-
mials up till the difference becomes smaller than the

proposed value (5 � 10�7). The achieved polynomial degree
is expected to be the best one and hence the program
stops.

In the present section, the Chebyshev polynomial is

used for fitting the whole SLR range residuals of three
observed satellites, namely AJISAI (AJ), TOPEX (Tp), and
BEACON-C (BC). In addition, the overlap technique is

applied to the same data. Table 1, represents part of the data
of satellite AJISAI which is used in the present study. The first
column represents the time of observations in Hour (HH),

Minutes (MM), and Seconds (Sec.). The second column repre-
sents the SLR range residuals (O–C) in microsecond (ls).
ebyshev polynomial for satellites (a) AJISAI, (b) TOPEX, and (c)
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3.1. Fitting the whole SLR range residuals using Chebyshev
polynomial

Using Chebyshev polynomial, the SLR range residuals of
satellites AJISAI, TOPEX, and BEACON-C, which has been

observed by Helwan SLR station (Ibrahim, 2011), are fitted.
The satellite AJISAI (8606101) has been observed on 2-9-
2000. The data taken in case of satellite AJISAI in this obser-
vation consist of 930 data points. The whole data of the satel-

lite AJISAI are fitted using a polynomial of degree 7. The
standard deviation (SD) of the data fitting is computed to be
nearly 1.97 mm. The satellite Topex (9205201) has been

observed on 15-4-2000. The data taken for the satellite Topex
consist of 1482 data points. The whole data of the satellite
TOPEX are fitted using a polynomial of degree 4. The corre-

sponding standard deviation (SD) is computed to be nearly
2.08 mm. Satellite Beacon-C (6503201) has been observed on
4-9-2000. The whole data taken for the satellite Beacon-C con-

sist of 915 data points. The whole data are fitted using a poly-
nomial of degree 4 with corresponding standard deviation of
2.94 mm. Fig. 1 represents the whole range residuals of satel-
Figure 2 One of the subinterval of the range residuals and their best fi

and (c) BEACON-C.
lites AJISAI, Topex and BEACON-C with their best fitting
achieved using Chebyshev polynomial. The x-axis represents
the time of observation and the y-axis represents the SLR

range residuals in mm.

3.2. Fitting the SLR range residuals using overlap technique

In the present subsection, the range residuals of satellites AJI-
SAI, TOPEX and BEACON-C mentioned in Section 3.1, are
fitted using the overlap technique. For the purpose of overlap

technique, the whole data of satellites AJISAI, TOPEX, and
BEACON-C are divided, for instance, into six subintervals.
For each satellite, the subintervals are of equal time ranges.

It is found that by applying the overlap technique the range
residuals of satellite AJISAI are fitted with an average
polynomial degree equal 3 with a corresponding standard
deviation of about 0.97 mm. Also the range residuals

of satellites TOPEX and BEACON-C are fitted using
polynomials of degrees 3 and 2 with corresponding standard
deviations of nearly 1.29 mm and 1.99 mm respectively. Fig. 2

represents one of the subintervals for the satellites AJISAI,
tting using overlap technique for satellites (a) AJISAI, (b) TOPEX,



Table 2 The polynomial degree and the corresponding standard deviation for the range residuals of the satellites AJISAI, TOPEX

and BEACON-C obtained by fitting the whole data using the Least Squares Method and the Chebyshev polynomial and by applying

the overlap technique.

Satellite

name

Fitting the whole data Overlap technique

Least Squares Method (Helwan SLR

station)

Chebyshev poly.

Polynomial

degree

Standard deviation

(mm)

Polynomial

degree

Standard deviation

(mm)

Polynomial

degree

Standard deviation

(mm)

AJISAI 7 20.8 7 1.97 2 1.93

TOPEX 4 23.4 4 2.08 2 1.95

BEACON-C 7 15.4 4 2.94 2 2.86
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TOPEX, and BEACON-C and their best fitting using overlap
technique.

4. Comparison of the obtained results of the two methods with

the Least squares method

In the present section, a comparison of the results obtained by
fitting the whole data of the SLR range residuals using the

Least Squares Method (Samwel et al., 2005) and the Cheby-
shev Polynomial, with those obtained by dividing the data into
a number of subintervals using the overlap technique for the

three satellites AJISAI, TOPEX and Beacon-C is represented
in Table 2.

From Table 2, we can see that using the overlap technique

for fitting the range residuals of the satellites AJISAI, TOPEX,
and BEACON-C, allows us to use lower polynomial degree,
incomparable with the other two methods, and still provides
better standard deviation.

5. Discussion and conclusion

In the present study, we concern fitting the SLR range residu-
als using the overlap technique. The results are compared to
those obtained by fitting the whole data using the Chebyshev
polynomial and the Least Squares method. We found that:

– Fitting the SLR range residuals using Chebyshev
polynomial provides better results than those obtained by

applying the Least Squares Method used in Helwan SLR
station.

– Fitting the SLR range residuals using the overlap technique

provides better results than those obtained by applying the
Chebyshev polynomial for fitting the whole data or by
applying the Least Squares Method. The overlap technique
allows us to use low degree polynomials in order to fit large

number of data points and provides better standard devia-
tions which may be significant when one, wants to reach
best fitting.

– Hanna et al. (2012), applied the overlap technique on SLR
range which is characterized by its smoothly varying behav-
ior, i.e. it is characterized by its roly-poly behavior and

approved that the overlap technique is a good choice for fit-
ting this kind of data.
Hence, we conclude that the overlap technique is consid-
ered a best choice for fitting data both with roly-poly behavior
(SLR range) and with randomly distribution behavior (SLR
range residuals), in comparable with the other two methods

mentioned above.
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